Hgson coJtonao of coaree ./..)Pacao
Aok Yamasbita (Tokyo nst: of Tech. )
Kotare Maine ( “"M of T/yo)
;opeaggr;

. Coance Geometiy and Goudlanies
Coanna Geomelhy (= Luge-sall/anpuptitic geometsy )

— .Qooﬁalg at waﬁfcﬁpacw frwm a 3Mai' aaa:(am_
Z

* L L L [ ] L ] [ L ® - o L]
H 4 A e T e
Povot. 7.0 A A e G AL BIC BLECE RCAE SR R B B ORI B SO RS
D%ecx-_ L N




v i i Cowwemap.owdw eguvabuces

Definitin. X, Y metuc apacoo

f: X—=>Y 4oa coarce map

g gf EO;OO)'—? [O,m) non-daqem.i.g ﬁ‘“(x‘bn Y

- V. x'e X d(f(x) f(x'}) = (d(x x'))
'F:X'—’"Yma coarvre eqcfmfmcg
g . ')C‘X'—*T.A:oaoomma’o
¢ g? T— X coarce map 2.k
gU'F = ;d)(’ 'F"g = :Jr

"%5 &S AMyo Vse S d(om), o) = M




An equivalont dafinition of coarse equivalouce
f: X—=Y coarve equivalence
fé 2 py, pu: [0,0)—> [0,0) FC>0 ot
* PL = pa, t&ﬁ f’,(*) = oo
Vr, e X pdaa) s d(fw.fan) s p(dixan)
e Jc(X) wa C-netin Y ﬂe VgeY daeX d(g,ffn)gC)
If we can Toke P, (1) = Ajt+B,, p(1)= A 2+B,
for some. Ay, As, B,, Ba, ]cio callled aﬁaw'-éomeﬁg,
(3, ¢.)

® -f,io a 7:4%-_,;00»,9,&3 2@ JC.A‘O a coance €3,
holds for X, Yjeodao&: Apaces,



Examp.QM. )
.- 4 Z"e s> R" & a 9. .
werne g R— 2" » gtvew by 3(11,'".'&.)"‘([*:],'“. [1..])
+ G ofggrowp S=STS G fiite genenatiger.
(G S) he Cayley graph of G (w.n.t. S)
vertex set = @, ._-—é' & d¢e S gs=g’

3
~> r(G-, S) i a geodesic p. Lo deeigwj

\ fe,mg,dm

~> ;udumd mgMc on G'A:O J'h wond metir'c.
ds(9.9')= min {n; ¢, -5, €S g5y 5p= 9"}

bavic foct: If 8'=8'ir anoZhern gemenating set,

r(& S) %\-; (G d) "y (&, d,gf);; (G $')



71 2 Boundam'w

Vartous defumitions.
Coarve e meﬁa —é—> Boundanies

on meluc sHpaced *‘"‘5" ; D)C melhic Hpaces

2z
[ X (R .
II.;{?:.._T ¢ :_i‘ = ~T;a-: “{ ~<% -:J- /
—a —

-T_ r .. dM>0 V220
~> BmX o je.odulc p o]C X Y~Y ®d (y&),f(t)) "
)' . [0,00) = X gendesic ma.o}‘/,\_,



e X.Y proper Gromov gyp 3e,od opaces
.Fx__>T 3& — am)(‘ anx_’awr (y.am Mébiws )

homeo.

G- Gromu 'Egp P _mw 42 nol dg_ﬁuad fm CAT(o).

s ‘6 . Type _— Juaei- Hobrm homeo Type

of G - AR, of O, G' 07(/?.@‘
Pau}z; (1993) prdi

c @ Gromeo Rup 9p. %G =87 (= 2, 1H?)
= G‘ %‘-: H e (—Et,ua* G‘abm'
B H’Edfh' Casmn"]my.mb
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ﬂig&m conona o anotihen Bind cf eroandana
Thas can e aln)ci.ed m Terms of aﬂjeﬁna of functions .
X : proper methc space

Co(X) =4 X—>R bad cont: f
o red

U
Aubay. . ¥YR>o
Ca(X)—iﬁéCb‘x)’ D diam f(som):ﬁ

. C&X) = Cg(X)
pXi= -RX\ X e Hs'g.oon colona .

» X_C_V_’Y c.omee? = VXE";.DT 'Qomeo..
; "




2. Coarwe Hpaces and Hig.oon coronay . 2.1

coan C
Defiition X a set. S

£ = P(XxX) 4o a coanse sbweline on X

:.i; () Ay € E

(2) EeE = E-'=‘J(3:2)=(1-3J6Ef'€ e

(3) EcE, FcE = FeE

(4) E,.Fe€ = EVFekt

(5) E,.F€ E > EeF={(x,2):3y (z..g)eE.(g.zNFf‘E
T X=(X.E): Loarre ppace ,
each E€E 4o called "controlled set.” E

E['x]={jex: (x,3)€ EJ’ E []
:m E'baﬁﬂ abo‘d- T ——J

X




emmpﬂn_f. Bounded coanse aliuctine "standand” coanse afi

X-‘:(X.d) proper. mediic Apace on a meluc opace

b = V(x,
r~> \Ex = {Ec:XxX; C;(:a):g)éE

the Loundad coanoe ali. on X
. Fon r>o, d.eﬁi\e, Er==;(x,3)e)(xx;dfz.a}él’f.
Thow (Erir>of "qenenatis” £
~ "E,- balls = (clooed) r-batls : E, [x]= B(r),
* B<= X o bounded
& BxBEé "Eb

(Fenendl A auboet Bofaooaue.opoce)( (X.E)
dﬁﬁ;"‘"ﬁm: Ao -e-ounded &< PBxBe€ g




Defunition X = (X.E), Y= (Y. F), connse opoces
S : a wet.

(1) @, P: S—>X ane doase (¢5V)
g ; (‘f'(s).lP(sl); seS}\ ¢ £
(3) -f: X—=Y Ao @ Coonne map
(‘; {VE;E ('F"H(E)")’(‘f(z).{(z')): (z.z’)(—E}e?

BoY bounded = §'(B) Bounded
(.2? )C_- X— Y wawe mop i a Coanse ejiw.ﬂime_
& 3 - T — X toawe map go-fé-:'fd : f”g"-? idy
TRese d.ef:i-d.t-'nm are conuolent with the metuc definitiono
when X, [ weltnc Apaces  awd = E;, ()-F= E:




o - 2. Ve>o KX compact k
€ ;ECX " (L)€ ENKxK > dlug)<E

5 :dgg Cp C‘OM_AH._HM on X

PME X0 ,ro.nﬂﬂad compot’ matiac, -F: X ;\;’Y

Then (K €,)>(LEY) & f: propen o |
)f Warwe mop “”‘&’“"‘ﬂﬂ conki,



MMP.QQS prpﬂogicaﬂ coanse aliucivie
X .&;cal% compact To npace
X < )? c,omf:adf‘ﬁcaﬂon
) 2 (1), () nebs in X, (:ui.z,JeE,,(r
E“'; E=X: HL—>0 € X\ > Y2
The Tepological coanse ali. inducsd by X




Defi:nwon. X Lo cft 2p wuth a coaroe Aliuding, ld)m
(%) Be X do Soundad — B Mwmpad‘.

(examploo 1-3 patify ) ¥ )

). 9:bdd, conli and
Cp(X) ';3'X_’TR VECE Q.md.mj(Efxl)=ot

e agjo&aa of Hi;sm &._.otom
'ax Zhe Hlﬂpon umt_ﬁcaton o-F X
X = “RX\X : Ahe H:léMH. conona O]C X
o -Ft X— T Coarse map twcluces v)(: vX—DPT conti .
X~ warse eg. => X = pl  homeo




|4

(X, ‘Ei)s TB > (X, ty )
Llu i b Btmg bdd -QOC (f'r 'LL\'; w:upﬁbw
-:,r.zmlp,ujmn [ fme m C Aﬁ'l, ‘X/ l

XK (x )

LOWE oNn ETB TCCM
K mwm"d.ﬁwmm "Groundc h.U :

.QDC. OFT Apaceo wladt
op. wwarwse Al
(wduced 5 methzable comp.

"
VK= XNX <= (x

 EY)

comPad' meluzable
spaces



3. Relatrd raoults.
( f) alE-Fl‘ﬁha an ap&’lafnn on r.ompadfa

In genenal: 2<, T“ Coarvse ap ~3 E@}Cm; c()(x‘r), ;rx‘g:; }
()(¢E) (Tl ?) Ma wmem on XkT

e procluct Al
Tt K. L€ K Lompact metuzalle o

e gl(x € ) al(T,E )HT(E n.t. Y\X"K :F\T'[_
“Thim

v(xz;x) p(Y £5)
—~ XXTmamo'#umHewmf of XxY

fMuma. XxY = E ®E ,  hence

idl ° (X"T %, (Xx‘f €;®¢: ) : coarse map.
~> Yid: XxT\ Xx\r—-—-» v (XxY, rgxng) ’W"Jhx‘_




. v(XxT, EEQE?) 1 o compact mézable ap
I dstarmined only by K, L € K

Kwl

Pop. % io Tivial: i fuet,

4 4 K=L=g
KwlL= i'fpr oThenwice .



(2) when o J)'f »X—=>pX ﬁmed-pw ﬁme.?

f: X— X coarse map.

»f: v X=X Pred-pt e & .
Bacggmawd ( van Douwen 1993 )
X : panacompoct T, diw X < 0
Bf: BX = BX fired-pt free & f: fxed-pt free
(%.%) @ eran
Coug X ware spae, §: X-’X coanat wap
of: vX =X fae-pt Prae Z’ : (f: }:(5)2: A‘frE

(k)




. T
C_-_—‘.’.“A v)f= pX—> X <=f>-,> V A= X unboundad

fked-p* foe ¢ {(a,f@); aeA}é =

X: proper met sp. o = 00
=&
EVEE &'g io T for :
(1) X = _"-c (IOP coanee IR unduced Eg mei}ugaﬁ»ﬁ@ comp. )
(n qouenal, Top coarse Ath tuduced by 15T cible comp. )
(2) X: Gromov RWMM}; Je,od.wé LpocR
(w/ bdd wanse str. )



(PI‘W"F) (1) rouZine
(2) guﬂpmoe Gt) holdo. Them &?od(z.fm)a—oo.
—~> aob‘f: aobx__) 3..)( v .ﬁxeal-Pi' £’Lﬁ-ﬂ.
Fat H 9:X— R wt extinds oven XVA.X
Hhen g A a Hiason fumetion.
= X”vx——»xva.ax

X — X
If »f: vX->vX Ras a fixed pt $€VX,
Than Tr(%)e o, X would 82 a fxed P'f‘o-F oo ,

A conlnaduction. Me V]Calo ﬁmed-p* -p'-ﬂ-ﬂﬁ?




2 IS CDQ y I 'for IRn ?
'Mei‘ricspacn X withh Mdﬁ..X(m ?
proper CAT (o) /)pace—o?



